In mathematics education research there is growing interest in the bodily basis of cognition and how this might inform the teaching and learning of mathematics. The theoretical support for this perspective comes from research in cultural historical activity theory, cognitive neuroscience and the phenomenology of movement. While distinct traditions of research, each of these approaches acknowledges/locates itself within complexity thinking to understand the emergent and dynamic processes at multiple scales. Drawing on this interdisciplinary theoretical framework and using video-recording and artifact data, I report on a qualitative case study of young children explaining their drawings of a solution to a geometry problem. The analytic focus is on the mathematical reasoning that emerges as the children explain their solutions which are mediated through semiotic resources, both symbolic and material including body gestures, senses, and movement. The findings suggest that as we extend the means by which learners engage with one another and with classroom mathematical activities, we may begin to appreciate how capable children are mathematically.
Introduction
Human cognition is effective action and pertains to the biological domain but it is always lived in a cultural tradition. (Maturana & Varela, Tree of knowledge, 1987, p. 244) Much of the early thinking about mind and mathematics took place within the theoretical framework of individual psychology. More recently, however, as researchers include the real-world contexts of complex performance, they have come to realize that trying to understand cognition from the perspective of a single discipline is simply too limiting. Donald (2002) suggests that in order to develop an ecologically valid theory of mind we need to be well versed in both cultural studies and the natural sciences a position that substantially widens the theoretical frame. In mathematics education research this trend is reflected in the growing interest in the biology of cognition and how this might inform our understanding of the teaching and learning of mathematics (Edwards, Radford & Azarello, 2009; de Freitas & Sinclair, 2012; Lakoff & Nunez, 2000; Radford, 2012 /forthcoming, Radford & Roth, 2011 Roth, 2010; Thom & Roth, 2011) .
The theoretical support for this enlarged perspective of human cognition comes from: (i) research in the tradition of cultural historical activity theory (Leont'ev, 1978; Vygotsky, 1978 Vygotsky, , 1986 ) a theory of human development mediated by language and cultural artifacts that emphasizes the mutual constitutions of persons and the experienced world; (ii) research in cognitive neuroscience which focuses on the biological roots of personal knowing and understands cognition as embodied and perceptually guided action (Lakoff & Johnson, 1999; Maturana & Varela, 1987; Noë, 2010; Seitz, 2000; Varela, 1999; Varela, Thompson, & Rosch, 1993) ; and (iii) research on the phenomenology of movement (Merleau-Ponty, 1962; Sheets-Johnstone, 1999 , 2009 ) which understands that "our very emergence as cognizing subjects is grounded in our original kinetic spontaneity. What is already there is movement, movement in and through which the perceptible world and acting subject come to be constituted, which is to say in and through which we make sense of both the world and ourselves" (Sheets-Johnstone, 1999) .
Within these different disciplinary perspectives is a model of complexity thinking which focuses on dynamic, non-linear interactions and suggests the value of viewing the interactions as adaptive and co-emergent learning systems. There is an emphasis on how the individual and the environment inform each other and are "bound together in reciprocal specification and selection" (Varela, Thompson & Rosch, 1993, p. 174) . Working from this perspective allows us to reject the view that teaching and learning are separate entities and to focus on the activities of teaching|learning as a mutually constitutive dynamic process whereby all participants are transformed as they interact together. This dynamic process is multi-modal and is realized through semiotic resources, both material and symbolic, as well as through movement, touch, and gesture. Radford (2012) uses the term, semiotic node, to signal the complex coordination of various sensorial and semiotic registers, and he argues that the examination of semiotic nodes in classroom activity are essential if we are to understand learning processes.
If teachers are expected to successfully enhance teaching|learning in their classrooms based on current educational theory, they require convincing evidence of how these theories work in practice. In this paper, I present how this enhanced theoretical perspective was instantiated in the teaching|learning actions of one classroom mathematics teacher and her students.
Context
This qualitative case study draws on video and artifact data from a multi-age classroom of children in grades one, two and three. The classroom was selected because the teacher had effectively implemented many of the educational practices supported by recent educational theory so there was a great deal of opportunity to observe children actively engaged in mathematical problem-solving discussion and expression. Working in small groups the children have created drawings to illustrate their solutions to a geometry problem which focuses on the concepts of area and congruence (Table 1 ). In the mathematical conversation which ensues the teacher and the children consider a wide variety of multi-modal data from which they make their inferences about mathematical knowing. Table 1 .The geometry problem A family decides to start a garden on their square lot. The parents take 1/4 of the lot. Their 1/4 is a perfect square in the north-east corner. The other 3/4 was divided equally in size and shape among the 4 children.
Draw a picture showing how the division was done. Remember that each of the 4 sections are congruent.
Space, time and movement in mathematical reasoning
The teacher, Judith, invites the twelve children in this episode to sit together in a circle on the rug to present their drawings and discuss their solutions. The unfolding mathematics conversation lasts for approximately eighteen minutes. A total of 4 drawings are discussed. The drawings include some very specific representations of the solutions with parents and children appearing as recognizable human actors wearing sweaters emblazoned with a "P" or a "C". Other illustrations are more abstract expressions. Not all solutions are complete or correct, but that doesn't deter the rich mathematizing that ensues as the children and the teacher work to understand the affordances and constraints of each. Throughout the episode because of their proximity to one another and to the various representations, the children are able to physically engage with the drawings revealing a variety of gestures including reaching, pointing, drawing, and re-arranging as they grapple with the mathematical concepts of space and shape. The teacher also creates an intellectual space for further exploration when she asks the children, "How could we re-word the problem so that your solution would work?"
"Same amount of space but they are not the same shape."
In this paper I focus on one of the drawings under discussion. The two boys, Wally and Ted, who have created the drawing announce that they have satisfied only one of the criteria, that of equal space. They have not satisfied the criterion of congruence. Working with a square piece of paper, they have cut away the parents' lot and divided the remaining L-shaped figure into twelfths using triangles. As Wally explains, "We knew they were not all the same shape . . . We were trying twelfths. We would have been done if we did this in squares." He lays the drawing on the carpet so that all of the children can see it more readily.
Pointing to the different triangles, Wally shows that each child gets three twelfths. Simon, leaning over the drawing says that he knows how it would work. As he speaks he touches the corresponding triangles. "One child gets these three, one child gets these three, one child gets these three and one child gets these three." Wally explains that's what he and Ted thought originally but they were mistaken. While he speaks he draws his hand along the dark lines he and Ted drew around the shapes. Judith asks, "How many are congruent?" Ellie leans into the circle to touch the drawing and says, "Two . . . 'cause these two are congruent, and these two are congruent, but these two aren't congruent, and these two aren't congruent. There is general agreement that the figures represent the same amount of space but they are not the same shape.
Judith then suggests that Wally cut out the figures. With the four pieces cut apart on the rug one child points out that they could make a puzzle. Judith asks about congruency. Another child puts the like shapes together, and announces, "These two are congruent and these two are congruent." Ted adds, "But they are not congruent all together." Another voice adds, "But they have the same space." Jessica, then moves her whole body into the centre in order to reach the shapes, and suggests that by cutting each of the twelve triangles apart they could piece them back together in the shape of the other. Ted cheers as he realizes that by doing so, "they could all be congruent." There is a felt excitement among the group as the children begin arranging and re-arranging the individual triangles to form the different shapes. The video recording shows many hands working to form congruent units. The activity has been transformed into a game, an invention that provides additional means to visualize, to compare, and to realize congruence.
In this episode, the carpet space, sitting together in a circle on the floor, cutting the triangles apart, the shared conversational history, are all interwoven with the children's knowledge and interest in the cultural-historical concepts that we understand as mathematical congruence and area. When Judith asks if Ted and Wally have solved the problem according to the criteria of the problem, the children reply, "No." One voice adds, "But it's really close." At this point the children express their understanding that this hasn't actually solved the problem according to the specified criteria. They know it is close, and for the moment they feel it is satisfactory. However, while the children have not solved the problem as it was posed to them, they clearly demonstrate a robust understanding of the geometric concepts of area and congruence made possible by "the complex bodily, material, and semiotic activity of the previous sensuous actions and forms of sensing" (Radford, 2012, p. 18) . In this episode the children and their teacher have come to their knowing through their embodied and perceptually guided actions.
The teacher and the children also reflect an ethical and inquiring stance as they engage with each other. The teacher knows she has something to learn from listening to the children's reasoning, and the children, in turn, listen to and question each other with an expectation of learning something. In this way, the teacher had enabled a learning community where the children assumed much of the responsibility for what went on in the class.
Educational contribution
The findings presented here contribute to a theoretical and practical position that joins other mathematics' researchers in arguing against the deeply entrenched pedagogical assumption that learning is a linear progression beginning in the concrete and moving to the abstract (Davis, 2004; Maturana & Varela, 1987; Varela, Thompson & Rosch, 1993; Vygotsky, 1986 Vygotsky, , 1978 . In this episode we experience how forms of sensing and reflecting are transformed into the cultural activity of mathematical knowing. We see how the "complex and dynamic unity of perception, language, gestures, rhythm, diagrams revealed by the semiotic node yielded place to a new more compact unity where language and cultural artifacts predominated" (Radford, 2012, p. 18 ). As we expand the means by which learners engage with one another and with classroom mathematical activities, we experience how their presence as expressive and thoughtful participants is grounded in movement, the coordination of the senses, and their semiotics activities. From this position, we are only beginning to appreciate how capable children are mathematically.
